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Abstract. We propose a novel distance measure between variable-sized
sets of image features, i.e. the bag-of-features image representation, for
quantifying brain morphology similarity based on local neuroanatomi-
cal structures. Our measure generalizes the Jaccard distance metric to
account for probabilistic or soft set equivalence (SSE), via a novel adap-
tive kernel density framework accounting for probabilistic uncertainty in
both feature appearance and geometry. The method is based on highly
efficient keypoint feature indexing and is suitable for identifying pairwise
relationships in arbitrarily large data sets. Experiments use the Human
Connectome Project (HCP) dataset consisting of 1010 subjects, includ-
ing pairs of siblings and twins, where neuroanatomy is modeled as a set
of scale-invariant keypoints extracted from T1-weighted MRI data. The
Jaccard distance based on (SSE) is shown to outperform standard hard
set equivalence (HSE) in predicting the immediate family graph structure
and genetic links such as racial origin and sex from MRI data, providing
a useful tool for data-driven, high-throughput genome wide heritability
analysis.

1 Introduction

Health treatment is increasingly personalized, where treatment decisions are in-
creasingly conditioned on patient-specific information in addition to knowledge
regarding the general population, i.e. personalized medicine [7]. Modern genetic
testing allows us to cheaply predict patient-specific characteristics, including
immediate family relationships, and also characteristics shared across the pop-
ulation including racial origin, sex, hereditary disease status, etc. [1], based on
a large library of human DNA samples. The brain, the root of cognition, is a
complex organ tightly coupled to the genetic evolution of animals and in partic-
ular that of the human species. To what degree is the human brain phenotype
coupled to the underlying genotype? How does the brain image manifold vary
locally with genotype, i.e. immediate relatives sharing 50-100% of their genes,
or between wider sub-populations defined by more subtle genetic factors such as
racial original or sex?
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Large, publicly available databases allow us investigate these questions with
large samples of coupled MRI and genetic data i.e. 1000+ subjects [23]. Brain
shape has been modeled as lying on a smooth manifold in high dimensional MRI
data space [6, 2], where phenotype can be described as a smooth deformation
conditioned on developmental factors determined by the environment. However
the brain is naturally described as a rich collection of spatially localized neu-
roanatomical structures, including common structures such as the basal ganglia
shared across the population, and also intricate cortical folding patterns [15] or
pathology only observable in subsets of the population.

An intuitively appealing representation for such phenomena is the bag-of-
feature (BoF) model, where the image is described as a set of localized, condition-
ally independent descriptors identified at image keypoints, i.e. 3D SIFT-Rank
features [21]. Bags-of-features can be viewed as existing on a high-dimensional
manifold, and medical imaging applications such as regression or classification
can be formulated in terms of a suitable geodesic distance metric between BoFs.
As BoFs are variable sized sets, typical metrics based on fixed-length vectors
such as L-norms [6, 2] do not readily apply. The Jaccard distance metric [10]
has proven effective in recent studies investigating genetics and brain MRI [22,
8]. For example, by defining hard set equivalence (HSE) in terms of binary k-
Nearest Neighbor (kNN) correspondences between keypoint image descriptors,
the Jaccard distance metric can be used to approximate the genetic structure
of brain MRIs, predicting family relationships including twins and siblings with
high accuracy. The disadvantage of the Jaccard metric is that binary equivalence
of feature descriptors is crude approximation given probabilistic uncertainty in-
herent to natural image structure, and is ill-defined for variable sized datasets
where the number of relevant kNN correspondences may be unknown a-priori or
variable.

Our primary contribution is to introduce a new Jaccard-like measure be-
tween BoFs, modeling probabilistic or soft set equivalence (SSE) [5] between
elements. This is achieved via an adaptive kernel density estimator (KDE) [19]
accounting for uncertainty in both local feature appearance and geometry, au-
tomatically adapting to the quantity of available feature data. A novel kernel is
introduced that normalizes variability in pairwise feature displacement by the
geometrical mean of feature scales, accounting for localization uncertainty in
scale-space. This work extends approaches to analyzing neuroimaging data via
local features [22, 8], where the Jaccard distance based on binary or hard set
equivalence (HSE) is defined by kNN correspondences.

2 Related Work

The BoF data model was initially used to categorize text documents from locally
orderless collections of words [12], then adapted to categorize images [4] follow-
ing the development of robust image keypoint detectors, e.g. the scale-invariant
feature transform (SIFT) [11]. The keypoint representation serves as a highly
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Fig. 1. Illustrating a BoF of 3D SIFT-Rank features [21] extracted from a T1w image
from the Human Connectome Project dataset [23]. Circles represent feature location
and scale, color also indicates scale.

robust and efficient basis for medical image analysis applications [21, 25], and
continues to be a research focus in deep learning [16].

Experimentally, our work is most closely related to neuro fingerprinting meth-
ods [24, 22, 9, 8, 3], which can be used to investigate the relationship between
genotype and phenotype from magnetic resonance images (MRI) of the human
brain from increasingly large, publicly available neuroimaging datasets [23, 18].
The local feature framework is highly robust and requires minimal data prepro-
cessing and scales gracefully to arbitrarily large data sets, as robust, approximate
nearest neighbor (NN) correspondences can be identified in O(log N) complex-
ity given a dataset of N subjects via efficient KD-tree data structures [13].
This allows evaluating all N(N − 1)/2 pairwise relationships between subjects
in O(N log N) computational complexity, and has resulted in highest reported
accuracy in predicting genetic sibling relationships from structural MRI [8], to
our knowledge. Here we compare our SSE Jaccard measure to the standard HSE-
based measure used in [22, 8], showing a significant improvement in prediction
accuracy.

3 Method

Our method is based on bag-of-features (BoF) representation, where each image
is represented as a set of local 3D scale invariant features {fi} automatically
extracted from the image as described in [21], primarily for the purpose of highly
efficient and robust feature indexing operations. We seek a pairwise distance
measure between BoFs A = {fi} and B = {fj} which can be used to estimate
proximity and thus genetic relationships between subjects. Previous work has
adopted the Jaccard distance metric [10] dJ(A,B) defined as:

dJ(A,B) = 1− JHSE(A,B) = 1− |A ∩B|
|A|+ |B| − |A ∪B|

(1)

where JHSE(A,B) is the Jaccard index based on binary equivalence relation-
ships, e.g. hard kNN feature correspondences [22]. We seek a measure based on
soft set equivalence in order to more accurately model probabilistic similarity
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between local features extracted from natural image data. We do this in a man-
ner similar to [5] by redefining hard set intersection |A ∩B| in Equation (1) by
a suitable equivalent µ(A ∩B), where 0 ≤ µ(A ∩B) ≤ |A ∩B| ≤ min{|A|, |B|},
leading to a Jaccard-like measure based on soft set equivalence:

JSSE(A,B) =
µ(A ∩B)

|A|+ |B| − µ(A ∩B)
(2)

Defining µ(A ∩B): We begin with a generative model of the conditional prob-
ability p(A|B) of set A given set B:

p(A|B) =

|A|∏
i

p(fi|B) =

|A|∏
i

η +

|B|∑
j

p(fi|fj)

 (3)

≈
|A|∏
i

(
η + max

fj∈B
{p(fi|fj)}

)
(4)

where the first equality in Equation (3) is due to the assumption of conditionally
IID feature samples fi ∈ A and the second from a mixture density model of
p(fi|B) consisting of kernel components p(fi|fj) parameterized by fj ∈ B and
a uniform background component η accounting spurious, noisy features. The
approximation in Equation (4) can be used when a distinctive invariant feature fi
typically arises from at most a single mixture component, i.e. a unique image-to-
image correspondence. Assuming an exponential kernel function 0 ≤ p(fi|fj) ≤
1, the logarithm of Equation (4) is bounded as

0 ≤ log p(A|B) =

|A|∑
i

log

(
η + max

fj∈B
{p(fi|fj)}

)
≤ |A| log(η + 1) (5)

We define soft set intersection as follows, and show an upper bound:

0 ≤ µ(A ∩B) = min

{
log p(A|B)

log(η + 1)
,

log p(B|A)

log(η + 1)

}
≤ |A ∩B| (6)

Defining p(fi|fj): Finally we define the form of the kernel function p(fi|fj)
used. A scale invariant feature fi = {ai, gi} is defined by geometry gi and an
appearance descriptor ai. Feature geometry gi = {xi, σi}, consists of 3D location
xi and scale σi. Appearance ai is a vector of local image information, i.e. a
rank-ordered histogram of oriented gradients (HOG) [21]. The kernel p(fi|fj) is
factored as

p(fi|fj) = p(ai|aj)p(gi|gj) = p(ai|aj)p(xi|σi, gj)p(σi|gj). (7)

In Equation (7), the first equality expresses conditional independence between
variables of appearance ai and geometry gi due to the use of geometrical invari-
ant appearance descriptors. The second equality factors location xi and scale σi
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using the chain rule of probability. Factors p(ai|aj), p(xi|σi, gj) and p(σi|gj)
are defined as follow:

p(ai|aj) = exp

(
−‖ai − aj‖22

α2

)
(8)

p(xi|σi, gj) = exp

(
−‖xi − xj‖22

σ2
i σ

2
j

)
(9)

p(σi|gj) = exp

(
− log2

(
σi
σj

))
(10)

Kernel p(ai|aj) in Equation (8) penalizes differences in appearance descriptors,
where α is an adaptive bandwidth of the KDE, defined as

α = min
fj∈Ω

(d(ai,aj)), s.t. d(ai,aj) > 0 (11)

with d(ai,aj) is the minimum Euclidean distance between appearance descrip-
tors ai and aj across the entire dataset. This allows the kernel to adapt to
arbitrarily data set sizes, shrinking as the number of data grows large. Kernel
p(xi|σi, gj) in Equation (9) is a novel formulation penalizing distance between
features in normalized image space, where the variance is proportional to the
product of feature scales σ2

i σ
2
j . This variance embodies uncertainty in feature

localization due to scale, and is reminiscent of mass in Newton’s gravitation or
electric charge magnitude in Coulomb’s law. Finally, Kernel p(σi|gj) in Equa-
tion (10) penalizes multiplicative difference in feature scale in normalized image
space.

4 Experiments

The experiments aim to investigate the link between genetics and phenotypical
neuroanatomical structure [20] by comparing the proximity graph structure in-
duced by the Jaccard distance measure dJ(A,B) = − log JSSE(A,B) between
pairs of subjects (A,B) from MRI (BoF) observations vs. known genetic relation-
ships. Unless mentioned otherwise, dJ(A,B) will refer to the Jaccard distance
with soft set equivalence (SSE).

We compare the set intersection A ∩ B defined by standard hard set equiv-
alence (HSE) as in Equation (1) vs. our soft set equivalence (SSE) definition in
Equations (2) and (6), with a background distribution η empirically set to 1. We
consider the cases of 1) close genetic links between immediate family members
sharing 50-100% of their genes and 2) broad genetic links between unrelated
non-siblings sharing nominal genetic information due to common racial origin,
sex, etc.

Our test set consists of MRI scans of N = 1010 unique subjects with genetic
ground truth from the Human Connectome Project Q4 release [23], aged 22-36
years (mean 29 years), 468 males and 542 females. There are thus N(N−1)/2 =
1, 020, 100 pairwise relationships, where each pair of subjects is related by one
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of four possible relationship labels L = {MZ,DZ,FS,UR} for monozygotic
twins (MZ), dizygotic twins (DZ), full non-twin siblings (FS) and unrelated
non-siblings (UR). Note that evaluating the similarity of N(N − 1)/2 pairwise
relationships via brute force image registration, e.g. optimizing cross-correlation,
quickly becomes computationally intractable as N grows large.

MRI data used consist of skull-stripped T1w images with 0.7mm isotropic
voxels, registered to a common reference frame, however the method generally
applies to other scalar image modalites (e.g. T2w, FA). Generic 3D SIFT-Rank
features are extracted from MRI data, where geometry gi is identified as extrema
of an difference-of-Gaussian scale-space [11] an local appearance is encoded as
a 64-dimensional SIFT-Rank [21] appearance descriptor ai. Feature extraction
requires approximately 20 sec. / per image and results in an average of 1,400
features per image, for a total of 1,488,065 features. Approximate kNN correspon-
dences between appearance descriptors are identified across the entire database
using KD-tree indexing [13], lookup requires 0.8 sec. / subject for k=200 on an
i7-5600@2.60Ghz machine with 16 GB RAM (1.64 GB used).

4.1 Close genetic proximity: Siblings

The Jaccard distance quantifies the whole-brain dissimilarity between brain
pairs. As the percentage of genes shared is 100% for MZ pairs, on average 50% for
DZ and FS pairs, and a nominally low percentage for UR pairs, we hypothesize
that the pairwise distances will respect the same ordering on the BoF manifold.
Figure 2 shows distributions of all pairwise Jaccard distances conditional on la-
bels, showing that this is indeed the case, with MZ pairs closest, DZ and FS
pairs further, and finally UR pairs the farthest.
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Fig. 2. Distributions of conditional Jaccard distances p(dJ(A,B)|L) conditioned on
pairwise labels L = {MZ,DZ,FS,UR}. dJ(A,B) is evaluated with SSE and NN=200.
Multiple peaks in MZ, DZ and FS distributions result from sampling sparsity.
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As sibling pairs (MZ,DZ,FS) exhibit significantly lower manifold distance
than UR pairs, we investigate the degree to which siblings can be distinguished
from unrelated pairs based on distance. Figure (3) shows the Receiver Operat-
ing Characteristic (ROC) curves for MZ, DZ and FS relationships based on their
proximity on the bag-of-feature manifold, comparing Jaccard distances for hard
(HSE) and soft set equivalence (SSE) for various numbers of nearest neighbors
(20, 100, 200). Several observations can be made. First, the Jaccard measure we
propose for soft set equivalence is always superior to hard set equivalence in terms
of classification accuracy. HSE is noticeably sensitive to the number of nearest
neighbor (NN) feature correspondences, and the classification performance gen-
erally decreases with an increase in the number of NNs. In contrast, the SSE is
relatively stable and increases with the number of NNs used. Intuitively, this is
because the number NN correspondences above the number of sibling pairs in
the data will generally only contribute noise in HSE distance measurements, but
these are down-weighted in the SSE based feature proximity. The area under
the ROC curve (AUC) values in Table 1 quantify the improvement of SSE vs
HSE, where the highest AUC values are obtained for SSE with 200 NN corre-
spondences. The results for HSE are consistent with the work of [8], and our
SSE results can thus be considered the state-of-the-art for sibling retrieval from
structure MRI.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.1
0.9

1

False Positive Rate (1-Speci�city)

Tr
ue

 P
os

iti
ve

 R
at

e 
(S

en
si

tiv
ity

)

(a) Monozygotic Twin

(b) Dizygotic Twin (c) Full-Sibling

NN = 20
NN = 100
NN = 200

NN = 20
NN = 100
NN = 200

HSE:

SSE:

Fig. 3. ROC curves for sibling identification based on Jaccard distance for (a) MZ,
(b) DZ and (c) FS pairs. Curves compare hard set equivalence (HSE) vs. the pro-
posed soft set equivalence (SSE) for three values of nearest neighbor (NN) keypoint
correspondences (NN=20,100,200).
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Label
NN = 20 NN = 100 NN = 200

HSE SSE HSE SSE HSE SSE

Monozygotic 0.9983 0.9996 0.9544 0.9998 0.9272 0.9999

Dizygotic 0.8922 0.9044 0.8018 0.9250 0.7541 0.9391

Full-Sibling 0.8423 0.8753 0.7611 0.8888 0.7358 0.8989

Table 1. Area Under the Curve (AUC) for monozygotic (MZ), dizygotic (DZ) and
full-sibling (FS) classification with HSE and SSE methods for 20, 100 and 200 nearest
neighbors (NN). SSE method consistently perform better, with an accuracy increasing
with the number of nearest neighbors.

4.2 Distant genetic proximity: unrelated subjects

As compared to siblings, unrelated (UR) subject pairs exhibit a much lower
genetic overlap, with subtle similarities due to factors such as common racial
original and sex, and accordingly higher Jaccard distance. We thus expect subtle
variations in whole-brain Jaccard distance, with lowest distance for UR pairs of
the same race and sex (R,S), medium distance for either same race (R,S) or sex
(R,S), and highest distance for different race and sex (R,S). Figure 4a shows that
the conditional distributions of Jaccard distance conditional on race and sex are
consistent with this expectation. Note that the mean distance for (R,S) is lower
than (R,S) indicating, that sex may be a stronger determinant of whole brain
similarity than racial origin.

We investigate more closely the relationship between whole brain distance
and pairwise combinations of male/female sex labels in Figure 4 (b). We see
that while the Jaccard distance distributions for same sex pairs (F-F, M-M) are
highly similar in terms of mean and variance, different sex pairs (F-M) generally
exhibit a significantly larger distance, as expected.

A potential confound in whole brain Jaccard distance is age difference. Fig-
ure 5 plots the variation in Jaccard distance vs. age difference. Distance dis-
tributions are virtually identical across the HCP subject age range spanning
22-36 years of age, indicating that age difference is not a major confound in
this relatively young HCP cohort where brain morphology is relatively stable.
We expect a greater impact age ranges associated with morphological changes,
i.e. neurodevelopment in young subjects (e.g. infants) and neurodegeneration in
older subjects (e.g. due to natural aging). This will be investigated in future
work.

4.3 Sex Prediction

While lower whole-brain Jaccard distance is generally associated with common
genetic traits, e.g. same-sex MRI pairs, however it is insufficient for predicting
the sex of a brain MRI. We investigate whether the Jaccard distance can be
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Fig. 4. (a) Distributions of Jaccard distances with SSE (NN=200) for unrelated sub-
jects (UR) and: same race, same sex (blue); different race, same sex (red); same race,
different sex (green), and different race, different sex (yellow). Based on a two-sample
Kolmogorov-Smirnov test, p < 1.34e−145 for all pairs of distributions. (b) Distribu-
tions of Jaccard distances with SSE (NN=200) for unrelated subjects (UR) from the
same race between: Female-Female (blue), Male-Male (red), Male-Female of Female-
Male (green). M-M and F-F distributions are highly similar, and both are significantly
different from M-F (p < 2.83e−270) based on a two-sample Kolmogorov-Smirnov test.

modified to predict the sex of a brain MRI, by evaluating the distances between
a subject BoF A and BoFs compiled all Males dJ(A,Males) and all Females
dJ(A,Females). These distances are combined in a basic linear classifier with
a single threshold parameter τ to adjust for differences in the numbers of male
and female subjects and features (12):

Class(A) =

{
Female if dJ(A,Females)− dJ(A,Males) + τ > 0

Male otherwise.
(12)

Figure 6 shows ROCs curves for sex classification obtained by varying τ over
the range [−∞,∞], again comparing Jaccard overlap computed via HSE and
SSE. The AUC=0.97 for SSE is significantly higher than AUC=0.91 for HSE.
SSE achieves an error accuracy rate of 91%, is slightly higher than 89% obtained
using a voxel-wise support vector machine with single and multi-site MRI data
reported in a recent work [14]. In comparison, our classification approach is on-
the-fly and can be used to classify arbitrary subject groups with no explicit
training procedure.
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Fig. 6. ROC curves and AUC for sex classification based on Jaccard distances with
HSE (red) and SSE (green) methods. AUC is noticeably higher for our SSE method.

5 Discussion

We presented a novel generalization of the Jaccard distance metric to consider
probabilistic set equivalence, for the purpose of evaluating distance or dissim-
ilarity between bag-of-feature image representation. We also develop a novel
kernel density estimator based on feature geometry. The method is applied to
recovering the proximity graph structure between MRI brain scans of 1010 ge-
netically related subjects, including siblings and twins, where both contribu-
tions result in significant improvement in recall rates for all sibling types. To
our knowledge, these are the highest recall rates for T1w brain scans present
in the literature, note that monozygotic twins can be identified with virtually
perfect accuracy. Furthermore, a minor modification allows the Jaccard distance
to predict subject-specific traits such as sex with high accuracy.
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Our method is based on highly efficient algorithms for feature extraction and
correspondence, and can be applied to arbitrarily large datasets with minimal
preprocessing. It should be noted that the low number of samples per label (i.e.
family members) makes it difficult to use recent Convolutional Neural Networks
(CNN) approaches, which generally require large numbers of training data. We
have found it to be particularly effective at automatically identifying brain scans
of the same subject, and we have applied the method to several large medical
image datasets to identify previously unknown, incorrectly labeled duplicate
subjects. Future work will investigate the method in other image modalities and
alternative anatomies, e.g. full body scans. Generic 3D SIFT-Rank features are
used here, tuning parameters such as patch size could potentially be optimized
for brain MRI data. The relatively frequencies of correspondences across the
brain may prove useful in understanding links between genotype and phentotyp-
ical variation, potentially in the context of genome wide heritability studies [17].
All code for this work is available upon request.
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